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Abstract
We consider the motion of a system of free particles moving on
a plane with regular hard polygonal scatterers arranged in a random
manner. Calling this the Ehrenfest gas, which is known to have a zero
Lyapunov exponent, we propose a finite-time exponent to characterize
its dynamics. As the number of sides of the polygon goes to infinity,
when polygon tends to a circle, we recover the usual Lyapunov expo-
nent for the Lorentz gas from the exponent proposed here. To obtain
this result, we generalize the reflection law of a beam of rays incident
on a polygonal scatterer in a way that the formula for the circular
scatterer is recovered in the limit of infinite number of vertices. Thus,
chaos emerges from pseudochaos in an appropriate limit.
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1 Introduction
Is macroscopic stochasticity originating from microscopic chaos ? This ques-
tion underlies a fundamental connection between deterministic chaos and
statistical mechanics. Krylov [1] argued the case for mixing dynamics as
a requirement for statistical laws to hold. A connection between trans-
port property and chaotic microscopic motion was proposed on the base of
an experiment more than fifteen years ago [2]. Considering the Brownian
movement of a colloidal particle in water, the authors concluded that the
sum of positive Lyapunov exponents is positive. Since Lyapunov exponents
measure whether the dynamics sensitively depends on the initial conditions,
this quantity seemed to present for the first time a direct connection of
microscopic dynamical instability to relaxation properties of a many-body
system, propounded in the classic work of Krylov [1]. Krylov had laid the
dynamical foundations of Lorentz gas and estimated the Lyapunov exponent
for this system. An enormous amount of work has been carried out since
then, summarized in reviews and books [3, 4, 5, 6, 7].
Subsequent to the work by Gaspard et al. [2], there has been a vibrant
debate where, mainly, at the centre of the debate is the gas with polyg-
onal scatterers. We call this the Ehrenfest gas to distinguish it from the
Lorentz gas where the scatterers are circular in shape. Due to the absence
of curved segments of the scatterers in the Ehrenfest gas, there is no ex-
ponential separation of infinitesimally separated trajectories and thus the
Lyapunov exponent is zero. Dettmann et al. [8] argued that while an esti-
mate of the Kolmogorov-Sinai entropy was given in [2], based on time series
recorded from positions of a colloidal particle moving in a fluid; very sim-
ilar results were obtained for certain models with strictly zero Lyapunov
exponent. Numerical experiments on the wind-tree model confirmed these
arguments [8]. A mixture of normal and anomalous diffusive behaviour of
point particles moving along a polygonal channel was observed in careful
numerical experiments by Alonso et al. [9]. Thus, at the microscopic level,
it is not clear what degree of non-integrability [10] is necessary to ensure
typical transport properties [11, 12, 13].
For calculating the Lyapunov exponent of the Lorentz gas, Sinai and
Dorfman [14, 15] have considered a narrow beam of two rays separated
by an infinitesimal angle α and calculated the typical time evolution of the
separation. Suppose the ends of the rays are a part of a circular wavefront of
radius ρ− before a collision, one may use the well-known mirror formula for
reflection off a concave surface to determine the radius ρ+ of the wavefront
after collision. This result is crucial for their calculation of the Lyapunov
exponent. In calculating the Lyapunov exponent, as mentioned above, the
beam is considered infinitesimally narrow so that its bounding rays suffer
collision with the same set of scatterers arranged in a periodic manner. For
the Ehrenfest gas, this can also be achieved. However, there appears a time
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during the evolution when a part of the beam falls on one side of an N -sided
polygonal scatterer, whereas the other part strikes an adjacent side. This
happens for a beam that is not infinitesimal, and, for scatterers with N large.
Here we provide a definition of a finite-time exponent for pseudochaotic
systems like the Ehrenfest gas, by taking into account the relation between
curvatures before and after the beam splits. To summarize, there are two
main results we present - a collision rule to quantitatively describe beam
splitting, and, an exponent incorporating this rule in the formulation due
to Sinai [14], with an estimate of the time over which this exponent may be
used.
We restrict ourselves to a regime of low density of randomly placed scat-
terers as analytic estimates become too hard for higher densities. As the
number of sides of the polygonal scatterers increases, the expressions found
by us recover the well-known results for the circular scatterers. Thus, in a
sense, chaos emerges from pseudochaos.
We recall that finite-time Lyapunov exponents are defined for chaotic
systems also but the system we are dealing with here is a non-chaotic, non-
integrable one (we have called this pseudo-chaotic) [10].
2 Collision rule
In the case of circular scatterers (Lorentz gas), the relation between the
radius of curvature before and after the collision is given by the well-known
reflection formula for spherical mirrors (Fig. 1):
1
ρ+
=
1
ρ−
+
2
a cosϕ
. (1)
Note that ρ− is usually very large in a Lorentz gas of low density, and hence
ρ+ is approximately a cosϕ/2.
For the reflection off a polygonal scatterer as shown in Fig. 2, the formula
requires a generalization of Eq. (1). We first consider the case in which the
rays hit a polygonal scatterer with a single vertex between them, as shown
in Fig. 2. The geometry of the reflection off a polygon is shown in Fig. 3.
The beam that hits the scatterer is characterized by the position y and
the orientation ϕ. A narrow beam of an angular extent α makes a sector
with an arclength A; the ratio of the arclength to the angle is the radius
of curvature, ρ. As the beam travels, both A and ρ increase. Just before
(after) a collision, we denote the radius of curvature by ρ− (ρ+). By simple
geometry, ρ+ is given by
ρ+ = ρ−
(
sinα
sin(α− 2θ)
)(
1− ν cos θ − ν sin θ tan ξ
1− ν cos θ + ν sin θ tan ξ
)
(2)
with ν = s1/s2 and ξ = (α+ pi + 2ϕ− θ)/2.
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Figure 1: A beam of rays is incident on a disc of radius ‘a’ scatters such
that the radius of curvature of the wavefront corresponding to them changes
from ρ− to ρ+.
- +
O
P
Figure 2: A beam of rays incident about a vertex of a polygonal scatterer,
where the radius of curvature of the wavefront changes from ρ− to ρ+. The
dashed arrows from O and P respectively denote the radii of curvatures of
the beam before and after the reflection.
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Figure 3: Geometry of reflection off a 12-sided polygonal scatterer. A beam
of rays with angular width α is incident such that its two ends strike two
distinct sides of the scatterer. In the case shown, there are three vertices
enclosed by the beam, with point A as the point where the two sides (when
extended) meet. The length from A to where the rays hit at B and C are
s1 and s2 respectively. The perpendicular distance between the bisectrix
of the ray and the centre of the scatterer O, is y. The change in radius of
curvature upon such a reflection is given by Eq. (2). The orientation of the
beam with respect to the scatterer is given by the angle ϕ, an angle between
the incident beam and OA.
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If a is the “radius” (half of the longest diagonal) of a scatterer, s1 and
s2 can be derived in terms of y, ϕ as
s1 =
2a sinϕ− y + ρ− sin(α/2)
sin(ϕ+ θ/2)
,
s2 =
−2a sinϕ+ y + ρ′
−
sin(α/2)
sin(ϕ− θ/2)
,
ρ′
−
≈ −ρ− cos(θ − α). (3)
Note that y ∼ a sinϕ [16] (Fig. 3). When the distribution of s1 and s2 is
calculated, y appears to be uniformly distributed on [−a, a].
If the beam hits multiple vertices, the collision can be re-cast in terms
of striking across an equivalent vertex A, for different values of θ, s1 and s2
as shown in Fig. 3. In that case, θ can be written in terms of the number
of vertices of the polygon N and the number of vertices nv included in the
rays as
θ = pi − 2pinv/N. (4)
The bounding rays of the beam falling on the scatterer meet at what we call
the “endpoints”. The angle α is around the ratio of arclength between the
endpoints and the angle of a section of the polygon. For small α, x,
x = N
αρ−
a cosϕ
. (5)
nv =
{
Ceil[x], with probability frac[x],
Floor[x], otherwise
. (6)
We have assumed that it is only the ratio, x that is important for deciding
the number of vertices.
Substituting Eqs. (3, 4) in Eq. (2), and using a uniform distribution
for s1, s2 and sinϕ, for a fixed ρ−, we obtain a distribution for ρ+/a that
peaks at the value obtained using the mirror formula Eq. (1) for circular
scatterers. The mode and the variance of the the distribution obtained for
ρ+ have been plotted in Fig. 5. The graphs show that the variance σ → 0 as
N →∞ and the mode µ goes to a fixed value, the value obtained from (1).
This establishes that Eq. (2) is a polygonal generalization of the (circular)
mirror formula Eq. (1). This is an important result on which the subsequent
discussion is based.
3 Generalized Lyapunov exponent
We briefly discuss the estimation of Lyapunov exponent for the Lorentz
gas, following Sinai [14, 15]. This motivates the calculation of a finite-time
exponent for the Ehrenfest gas.
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Figure 4: (a) If the pencil of rays is incident (a) about a single vertex
(nv = 1), θ = pi − 2pi/N . (b) If it is incident such that it includes one side
of the scatterer (nv = 2), then θ = pi − 2× 2pi/N .
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Figure 5: The data for the distribution of ρ+. The dashed line is for a large
value of ρ− = 1000 and the solid line is for a small value ρ− = 10. The left
panel shows the mode µ. The horizontal lines indicate the expected answer
using the spherical mirror reflection formula Eq. (1). The right panel shows
the variance σ.
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3.1 Circular scatterers
In the case of random Lorentz gas, the separation of the trajectories after
ith collision, si can be iteratively written as
si = si−1
(
ρi−1 + vτi
ρi−1
)
(7)
where τi is the time of flight between the (i − 1)
th and the ith collisions.
The Lyapunov exponent [15] is defined as the average rate of exponential
separation of two close-by trajectories, whose initial separation s0 and the
initial angle between the trajectories α0 both go to 0. From the above
equation, the Lyapunov exponent can be identified as [15]
λ = lim
T→∞
1
T
n∑
i=1
ln
(
1 +
vτi
ρi−1
)
= lim
T→∞
v
T
∫ t0+T
t0
1
ρi−1(t)
dt
= v
〈
1
ρi (t)
〉
(8)
where n is the number of collisions between t0 and t0+T . We can also write
λ as
λ =
1
τf
〈
ln
(
1 +
vτ
ρ+
)〉
. (9)
where τf is the mean free time between collisions and τ the time between
subsequent collisions. Note that (vτ) (denoted by ξ) follows an exponential
distribution with a mean equal to µf = vτf . In Eq. (9), ρ+ is a function of
ρ− and ϕ via the reflection formula Eq. (1). The average in Eq. (9) is over
the uniform distribution of sinϕ and the exponential distribution of ξ:
λ =
1
τf
〈
ln
(
2 +
2ξ
a cosϕ
)〉
ξ,ϕ
(10)
To obtain the average over ξ and ϕ, we have
λ =
1
τf
[
1
2
∫ pi/2
−pi/2
dϕ cosϕ
{
1
µf
∫
∞
0
dξe−ξ/µf log
(
2 +
2ξ
a cosϕ
)}]
=
1
2τf
[∫ pi/2
−pi/2
dϕ cosϕ
{
−C + log
(
2µf
a cosϕ
)}]
= 2nav
(
1− C − log(2na2)
)
. (11)
In the second step, 2 is ignored in comparison with 2ξ/a cosϕ in the argu-
ment of the logarithm as it contributes significantly only at higher densities.
The result we have is exactly the one derived by van Beijeren and Dorfman
[17], where C is the Euler-Mascheroni constant.
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3.2 Polygonal scatterers
In order to bring out the subtleties in the Ehrenfest Gas, we first contrast
it with the Lorentz Gas. In the Lorentz gas, the angle of the beam α′ after
reflection is given by
α′ = α
(
ρ−
ρ+
)
. (12)
At each collision, the angle α is multiplied by a quantity ρ−/ρ+, which is
independent of α, as seen in Eq. (1). However, for the Ehrenfest Gas, the
angle of the beam after a collision with a polygonal scatterer is
α′ = 2pi − 2θ + α. (13)
Once the beam strikes a vertex, θ 6= pi, α increases almost algebraically as
θ is roughly proportional to α.
Since for the Lorentz Gas α increases multiplicatively, for any howsoever
large time T , the initial angle can be chosen to make α′ so small so as to
ensure that the full beam hits the same scatterers with probability equal to
unity. Hence the limit T →∞ can be taken in (8).
For the Ehrenfest gas, this is true only if we choose the initial angle of
the beam so small that it will always strike a flat side without enclosing a
vertex. This leads to a zero Lyapunov exponent, a well-known result.
Beams with a finite size will eventually split in both the cases - Lorentz
and Ehrenfest. However, as we want to capture the positive λ of the Lorentz
gas in the limit N → ∞, we use a finite (and not infinitesimal) initial α,
which inevitably leads to splitting of the beam after a finite time. The
splitting time T could be longer if the size of the initial beam is made
smaller. But then there will be more non-diverging collisions before hitting
a vertex for the first time. Eqs (1,2) give the relations between the radii
of curvature before and after a collision for Lorentz and Ehrenfest gases
respectively. In a low density Lorentz gas, ρ increases uniformly with time
until it falls to about (a cosϕ/2) after a collision, after which it increases
uniformly again, as shown in Fig. 6. The pattern continues as long as the
full beam strikes the same scatterers. As observed above, since the beam
can be made to strike the same scatterers up to an arbitrarily large time,
the ρ–t graph continues indefinitely.
However, for the Ehrenfest Gas where the beam may eventually enclose
a vertex as the initial angle is not infinitesimal, the condition α′µf ≤ a is
violated after a certain number of collisions, causing the ρ–t graph to termi-
nate, as in Fig. 6. It is this time that we propose to employ for calculating
the time-average in this very definition of the exponent.
In analogy with the manner in which the Lyapunov exponent is calcu-
lated for circular scatterers, as in Eq. (8), we define the finite-time exponent
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Figure 6: The ρ – t graph for the Lorentz gas and Ehrenfest Gas respec-
tively. Note that this is only a schematic plot, assuming that all the distance
between the scatterers is equal to the mean free path.
for the polygonal scatterers by
λf (T ) =
1∑n
j=1 τi
n∑
i=1
log
(
1 +
ξi
ρi
)
∼
1
2T
〈 n∑
i=1
(
1− log 2 + log
ξi
a
)〉
(14)
where with ρi as 2a cosϕi, the latter expression is obtained after averaging
over the angle variable assuming that ξi ≫ ρi.
The above expression is similar to the usual expression for the Lyapunov
exponent, the difference being that we average over a finite time T . In gen-
eral, λf will depend on initial conditions, initial angle, and T . However,
Ehrenfest dynamics is represented in terms of interval-exchange transforma-
tions (IET), where intervals correspond to the set of points on the disc from
where scattering occurs. From collision-to-collision, there is a shuffling of the
points belonging to the interval on the subsequent discs. This is the same
as the dynamics inside a polygonal billiard [19, 20, 21]. And recently, it has
been proved that the dynamics induced by IET is weakly mixing [22, 23].
Since weak mixing implies ergodicity [24], initial conditions will not matter
over long times.
For further evaluation, we need a distribution function that takes into
account the different lengths of the “teeth” in the ρ–t graph (Fig. 6) for the
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Ehrenfest Gas. Note that a new tooth begins only when α and ρ change
upon a collision. For a circular scatterer, they change at each collision and
thus the length of each tooth follows the distribution of times taken along
the free paths between the scatterers. However, for the polygonal scatterer,
this is not true of every collision. For the first few collisions, it is possible
that the rays do not hit across a vertex, and hence face θ = pi, keeping
α constant according to Eq. (13). This aspect changes the value of ρi in
Eq. (14), and thus the value of the finite-time Lyapunov exponent if the
initial alpha is chosen too small (or, very rarely, if one of the first few free
times is much shorter than the average). For large N and α0vt0 > a/N ,
usually all collisions will be diverging. The change in finite time Lyapunov
exponent will therefore occur for very small α0 only.
It is hence crucial to determine the number of collisions on straight edge
before encountering a vertex. A simulation was performed on Mathemat-
ica using the reflection formula (2), for an Ehrenfest Gas with a mean free
path of 8 in units of the size of the scatterers. Scatterers with N = 105 sides
were chosen, with an initial angle between nearby rays taken as α0 = 3×10
−5
radians. This resulted in the applicable time scale to be as large as around
100 units (of v/a where v is the velocity of the wind and a is the measure
of the size of a scatterer). The number of teeth ranged up to 4.
Denoting the probability p of hitting the vertex in the first collision,
we note that its approximate value can be calculated from the following
equation:
p = I
(
µfα
2a sin(pi/N)
)
;
where I(x) = x for x < 1, and 1otherwise. (15)
It is a measure of N , and as N →∞, p→ 1.
We present the results for λf as calculated for the first tooth in Fig. 7.
If we set the mean free path to 16 times the radius of the scatterer, and the
initial angle α = 3×10−4, then the case of p = 0.01 corresponds to a scatterer
with 12 sides, and p = 0.9 corresponds to a scatterer with around 1200
sides. As the number of sides of the scatterer increases, and hence p → 1,
the finite-time Lyapunov exponent λf for the Ehrenfest gas approaches the
usual Lyapunov exponent λ for the Lorentz gas. The time of validity of the
exponent can be estimated as follows: the condition to be met is α0e
λt ≈ 2a.
With α0 ≈ 1/N , we see that t is proportional to logN .
The exponent calculated over a single tooth gives a lower bound on the
more accurate exponent calculated by an average over multiple teeth, which
will be over a total duration of the order logN . The point of this is to show
that a strictly non-zero finite-time exponent does exist. We have verified
this in a simulation on Mathematica, presented in Fig. 8.
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Figure 7: The solid curve corresponds to the usual Lyapunov exponent for
the Lorentz gas and the dashed curve corresponds to that for the finite-time
exponent of the Ehrenfest gas, both plotted as a function of the scatterer
density. The left panel corresponds to an initial p = 0.01 and the right panel
corresponds to p = 0.9.
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Figure 8: The solid curve is the analytic expression for the Lyapunov expo-
nent calculated over single tooth. The square points represent the simulation
results for the same. Note that the error bars for these points are negligible
at this scale. The triangular points represent the Lyapunov exponent as
calculated with averages over multiple teeth. This graph contains data for
p = 0.01.
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4 Summary
We have studied the case in the theory of dynamical systems where beam
splitting leads to non-integrability. Although the Lyapunov exponent of such
systems is known to be zero, we may define a finite-time exponent which is
positive. This is particularly meaningful for polygonal scatterers with large
number of sides.
The reflection law for the case of a regular polygonal scatterer was found.
More precisely, Eq. (2) holds for any convex scatterer provided the two in-
tersecting segments are replaced by the tangents to the scatterer. Having
found this, we have argued that for pseudointegrable systems (which are
non-chaotic), it is sometimes possible to define a finite-time exponent. In
the limit of the number of vertices becoming infinite (and hence the scat-
terer becoming circular), the exponent found here approaches the Lyapunov
exponent for the Lorentz gas. Thus, on both counts - the collision rule and
Lyapunov exponent - we have generalized the results. We have also argued
that the finite-time exponent is valid for times of the order logN .
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